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. is unav01dably cumbersome, as w%ll be seen 1in Section 3.2.

‘v stood without spec1allzed knowledge 1n any partlcular4£1eld

: I:J L3 .
1. :HISTORY OF THE EBQEI&M . .
¢ ] e . 2 \

. This paper ‘describes a hork-schedeling model for
Corrections Officers (primarily ptison guards) at State v S
Correctional Institub&ons (state prisons), This 1s a real- ° .
life model that was developed to’'deal with a very &151 Lot
problem: unacceptably large'expendltures for overtime work A
by state prison guards (these, expend1tures are described 1in -
- Section 1.2). It 1s not & typlcal "textbook example." In -
pa:t1cular the problem 1s larger than any textbook exam> AN
pIes in the author's experlence, thé model ‘involves more-
. than’ 200 constraints and more than 800 variables, as de- . .
séribed in Section 3.5. (However, this iS not an esbecial—
1y large "real world" linear programming problem.) The
notation necessary- to describe a broblem of this magnitude
On the other hand, the model can be described and under— "

of study. '

] . Difficulties (unrelated to the model per sé¢) were
encountered in the collectlon and ﬁ%terpretatlon of data
required to evaluate the performance of #the model these
difficulties (typlcal of the "real world"), and the proce-
dures used to overcome. them, are described'in Section 4.

Betause prison guards come enly 1n whole ‘units (no
fract ional parts), a special techn1que was used to obtain
an integer- valued solution_to the model- thisvis descrlbed,
along with an intuitive Justlflcatlon, in Section 8.6. At ' .
present, this intuitive justification, and the complete 5
success achiéved in obtaining, satisfactory 1nteger-valued

", solutions in the test cases "that have.,been run (as de-

“scribed in Section 4), are the only justification for this
spectal technique. ,There is no formal proof glven here -
that the procedure will always. yleld an 1nterger valued e

) solutpqn, and no suc¢h, proof is presently known to the

author.” It is well-known that under commonly-satisfied
‘eonditions, the so—called "transpdrtatlon probIem will
always possess an integer-valued optimal solutlon, possibly-
a proof of this result (el’g., as given. 1n Section 9-4 of
[1]) could be adapted to fit the present model.  Or, per-
haps there are situations for which the special procedure
used here will not yield an interger-valued solution.
Presently, this,s still an open quéstion. Other, more’
urgent'problems have precluded further work on this ques-
. tion. However, the procedure .described heré in Section 3.6 .
has prov1ded satlsfactory integer~valued solutions in the
real-life cases that have been run, and soL 1n the practj- “-n
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cal sense, has "solved" the probﬁem. In real-life'appli-
" cations of mathematlcs, this is often what matters--“the
proof of the pudding 1s in the eating.”
e, Numerical result$ from applying the model for two
dlfferent state pnisons are given in Sectlon 4, along with
some interpretive comments,. .

.

EAN

- The exercises and final exam included here are ‘design-_

%4 to aid understanding of this particular model, so asg to

- 111ustrate the deta11ed consideration necessaﬁy f@tﬁnodel—

ing real-life 51tuat10ns. ’ Lol -
Solltion of ‘such a large model would not be pos§1blé
without large-scale gomputlng fac1;1t1es. Because.of the

. slze of the model and the variation-in 1nput/output formats

for varlous "canned" linear programming computer software
packages, no computer runs are jncluded here. If the read-
er wants experience in running such a model'on a locally-

. available computer, the small-scale vers ion of the podel
given in the final éxam could Be used, ut11121ng work-force
requirements chosen by the reader as jnput 'data.

The model described here was developed after policies
and procedures for work schedu11ng at various state prisons
_had been Judged to need 1mprovement. This. Judgment was
based largely on the follow1ng two considerations: )

. Jl) work schedules varied from 9ne prison to another,

causing undesirabl® variations from prison to J
prlson in such matters as the number of days off
for guards., M . e

(?) _work-force requirements for prison guards (i. €., v

the required numbers of prison guards bn ‘duty) at

. each prison were being met by scheduling large

w amounts of overtime work which could cause fatlgue,
1ueff1c1ency, tension, eétc., as well as 1ncreased

labor costs. ) :

The cost of ove;tlme work was a serious problem. Some
indicgtion of the size of overtime cost can be obtained
from T&bles 1 and 2, Table 1 shows the number of prison
guards on duty at one state prison,. designated Prison H,
‘during.the week ending September 23, 1973. In Table 1, for
each eight-2hour period éf each day in the week, four num-
bers are given without parentheses. (Temporarily ignore
. the numbers in patentheses; they will be discussed in
", Section 4.1). In okder from top to bottom, the four num-

M bqrs without parentheses are:

(1) the number of prison guards working that/Perivd as
‘part of their regular forty-hour-per-yegk work
- 'S AR ) T

.
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) . Data-and Results from Prison Hefor the Week
.+* Ending Septembez-'23,.'1973~ . .
N B -:SHIFT” ,
DAY - _— = : ,
J % 4] ‘HORNING™. , AFTERNOON " NIGHT’
d . — ‘o ) ' ’ k
T 10 0 (40) 4 (4 | T20 .(20) | o«
HONDAY 00t ( Or 0 ‘-4 0) 0 (0
‘ ;0 (0) 0 . (0) 0 (_0)
o 40 (40) 41 (41) 20 (20)
L
’ T . B - M A} R
P N YRR PLY a .(41) 9 -ty
TUESDAY (| "1 ( oi <0 (-0) 0 (' o)
0. (o w0  (0) 0 (_0)
45  .(45) 41 (41) 19 -7 (19)
44 (48) 37 7.(40) | 418 -(13) \
WEDNESDAY 0 (1) 0 ( 0) 0 ¢t 5)
A IO S )] 30 0. (0 |-
- 49°  "(49) a0 - (4D 18 (18 |
- "42 (42) 39 (40) 17 (14)
THURSDAY 1 (1) 0 (0, | o0 (3) |&# "
. 0 (0) § & (0 Lo
43 (43) 39 (40) | 177 a1 -
T 44 5 ,(45)“"-”?5‘9'4 (40) - 16 (16)
FRIDAY™ °| 1 (0 [ 17 (0 0 (0)
0 (0 |T® (0 £ Lo
45  (45) 40 10 |16 (16)
¢ lse. om T 38 oe M 16 we
TSATURDAY | 1 " o) 010 0 (0
0 (0) 0 (0 20 (0)
37 (37) 38 (38) 16 (16) g
32561 | 40 e | 17, an |
SUNDAY 0 ( 0) 0 ( 0) "0 (0. .
0 (0) _0\ {0 0 {90)
33 (33) 40 (40) 17 a7 | -
\
\ 7 v 3
' . ¢
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' schedyle, t regwlar rate of pay (e.g., there.were .>
. 44 of these 6n Tuesday Mornlng), *
(2L the.number of guards worklhg that period on over—, '
' time at bne-and-a-half (1.5) times their regular . ,
rate of pay (e.gq., there was one of these dn ., i
. Tuesday Morning); . - - 7
(3) the’number’of guprds working that period on over- .

time at two (2) tiftes therr'fegular rate of pay
{e.g., there wegre three® of theseg n~Wednesdaay
. -Afternoon); - .

(4) the total number of guards on duty during that :
gerlo&& which is just thé sum of the previous three
nunbers (e g., there were 49 guards workxng the .
Wednesday Mornlng period) .

* T?e—reason that some ‘guards working overtime were pa1d

"time-ahd-a-half" while bthers were paid "double-time” *wills
be exp1a1ned in assumption (10)" & Section 2.1. Table 2 /
give's the same kind of data for another prison, designated
prison G, for the week endlng September)O, 1973.

) Table 1 indicates that the équlvalent Bt five periods
was worked at time-and-a-half during that week at Prison H:
one each on Tuesday Morning,'Thursday Morning, Friday Morn- ‘

1ng, Fr1day Afternoon, and Saturday Morning. Also, the -
equlvalent “of e1ght periods was warked at doubleTtlme- - C
five ¥n Wednesday'Mornlng and three on Wednesday Afternoon. . .
For conyvenience, let us assume that a11 prison guards were
paid $£3.00 per hourvas’ reqular rate (actually, the minimum
pay fo? a prison guard is h1gher thah thls) Then since

‘each perlod is elght hours, - Table 1 1nd1cates a total cost

for overtime work of , . /

< (1. 5)(5241(5) -+ (2)(524)(8), =" $564
for thit week at Prison H

Y

y . Lo ’ . e« *

Ce -
Again assuming that all prxson guards were paid %3 per hour as stan-

dard rate, verzfy that Table 2 indicates a total cost for ovcrtzme o
work of $23,928 at Prison G during the week ending September 30, 1913
(Prison€ is a consxderably larger przson that Prison H.)

These large amounts of .overtime pay were also being
not1ced by the news media, as showd by the newspaper -

-cl1pp1ngs feproduced here on pages 6 and 7. (These

clippings are repr duced with the kind permission of the
Assdéciated Press and the Harrisburg Patriot and Evening
Nevs.)- , . . .




g
‘ , Data and Results from Prison G ,E,t;r, the Week .
“. 08 L o, Ending December 30, 1973 \
ct — SHIFT
. , DAY
MORNING* AFTERNOON | NIGHT-
X 0 e 70, (131) 38 (74)
" MONDAY '19 - ( 0 61° (0 A0 (4
_3 (.0 _0 (0 0 (_0)
! ‘116 (117) 131 v (131) 78 (78)
L F . 94  (126) | " 70 (137 36 (74)
- TUESDAY 17 (0 | 62 <. 9 38 (\ 0)
, JAs (o s (0| ‘oo (oA
126  (126) 146 (146) 74 (74)
Lt ¢ 97  (116) 69 (137) 36 (74)
/| WEDNESDAY 19, ( 0) |. 68 ( 0) 27 (1)
.o 0 (o)) o ( 0) 12 (0)
116 (116) | 137 - (3P 75 (75)
A - "9 28 |\ 63 (98) 37 (74)
: THURSDAY * 41 ( 21) 24 7 (2) 34 (7
[ N Y .L_io. ) | 13 _cor 10 (0
T “ .| 149 (149)°|-100 (100) 81 (81)
/ = -
- 74 (97) 45 (89) 37 (39)
FRIDAY 20 (0) ‘16 °(0) 2 ( 0),].
. 2 (0 Lo .(0) 0 (_oy
S . 96 . (91 /| 6L (89) 39 (39)
' 57 (43) 37 T (45) 26 (0
iy SATURDAY '} 15  (33)° 14 (6) 3 (29)
' ¢t 4 (D) .0 (0 f 0 .0
' ' 76 (76) 51 (51) [|° 29 (29)
o, _ 53 (63) .| 36" (48) | 25°. .35
SUNDAY <7 (0 12 (0) 03 (0
- 3 (0 0. (0 2 ( 0)
63 163)° | -48  (48) 300 (39
- / . " ) '4
- ’ ) 7 . ki
: T ’ 9 \ 5
Q ) < . -
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. By MERRY BROQKS
staff Writer

T A !act-lmdmg tour by mem-
bers of the State, Senate Pris-
oa Inquiry Commmee yester-
day at the State*Correctional
Insutdtion at Camp Hil
séemed more like, a Whlrl-
wind cgmpaign swing with sen-
ators shakung hands ard eli-
citing opinions from prisoners
-and guards

But in facl. the informarion
sought by four state senators
on the “tixth tou} of the eight
state prisons yselded informa-

1

Y

’ \. s

a

Harr-isburg Pa:riot .

Senators Tour
Prison Facility

| In Camp Hill

+ The senators engaged Er-

Ltion that may asslst the spe-*
‘cial commttee 1n drafting
- prison-related legislations

Sed. Freeman Hankins, D..
Philadelphia, commictee,
chairman; Sen. Marun Mur- 1
ray,” D.-Luzetne; Sen. Her-
bery Arlene, D.-Phiadelphia, .
and Sed. James E.-Ross. D.-
BeavewrWashingtoh, accom.
panied by a herd of reporters,
breezed through the prison i
Lower Allen Twp jn a three.
hour VIP tour.

nest Patton, prison ‘superin.
tendent, 1 a give-and-take
munduble discussion before
thé tour began They obiamed
the following™ {nformatien.

~The prison paid $353,0(0
In overume tg guards Jast
year -and expe.ts to pay
, $361,000 in overtime this year.
The pnsor needs an addition-
al 67 guards to reduce .the,
amount of overtime pay. +

a

-

| Guards sought

By The Asw:htcd Press
JThe head of the state Cor-’
rections Bureau says Gov
Shapp and the
may be ashed to provide from
¥0 to 100 guards at the Grat-
erlord” State Prison ™ -~

The singrease would raise to
400 the number of guards at
the Montgomery County pris-
on

Corrections . Commisaioner
Stowart . Wemer estimated

Legislatures down on overume payments

Courtesy of the Assoclated Press.

for Graferford
. thd -added; guards would cost,

$500.000 annually,
The extra men could ctﬁ

to the curemt guards, ‘now
running lbou( $20,000 a

~month. - L

* *k *' -
Graterford, the largest of
the stata’s eight correctional
Instifutions, has about 1,80
Inmates, about 200 below ca.
pacity. .
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SR .Overtm;le Guard. Pay
| K
- |, Bills eep Mountlng
I TheAsrocinreg Prons ‘/..
o \ ‘exgessive overtime pay- Casey sard 12 guards re-
The ‘Bureau of Correc:  anic | egislatorsand ot cetved between $10,(44 anct
tions is stll paying heavy ¢ officials think the state  $6.707 yn bverime Eleyen
. g":“‘:“e tokeep guards on  ¢q4q save money by hiring  ‘of the 12+guards had Bdse
. . du Y‘*slhee'gm S“’d‘ei’"s' ~more guards at regular sal-  salaries of §11:731. One
- -g:sblu?me BUBTdS are  grec¥ang redycing: over- guard has a $12.875 base | .
- : h u h B their salarieS  yme payments at umeand  salary - »
. St rou% extrawork. ahalfanddouble time , * **The new commissioner
o N0 ‘A “bugeau ;spokesman .o »— Wilham Robmson — 18
R said yes rddy that m the Auditor Gen Robert P very aware of the ‘problem
. PR yeat énded June 30 the Casey. one of the criics, ;.4 that. along witle every
o agency pand out nearly $4 zeroed {0 yesterddy on  oiher prfgram 1s being
N . million inovertime,aboost  overtime at’the state pris- at very carefuil
. of $750.000 ovet the pre. .onn Dallas. Lilzerne Coun- '°°.kfdlh; Zogec“::, ubuy
- v»ous year ty Moge than $430%874 was rqp.', spokesman said “He
* -The byreau alreaéy had Ppaid during the fiscal year does want to cut down of .
\ : ° been Slronglycr)l,lC)dTN‘Jr endEd)nJunelSﬂ theoverume.* -
. - o v . He sad former,Commis-
R . Courtesy of the Associated Press. * ‘sioner Stewart Werner had
J° S0 o ahiring freeze in effect be- ,
cause of the nghl budget
, G D W ndf ll policy. adopled by the
N (ls Shapp administration. .
- »~
. uar ue l a But under Robinson, whoy
. assumed the post last
- . month, the freeze has heen -
: - For M issed Breaks o |t it
y -+ cancies around theustate |,
[ Prow The Potriot Wirw Serviens , ' bredks since ,before  July, are being filied, the spokes-
. Aboit 1,700 state prison 1973, Y mansaid «
.t guards will beuxenmbuqtd for \ Robert Saylor; executive die ‘However, the overtime L
A\ - | pethaps $1000 each for tor fer the Bureau of Cor- pr%l:!:nm WI!lle’;?esscrsupenn .
. P S100s, t . -
oo mussed co‘ﬂee breaks, 1t was recuion }r,erused to commen tendent aMallas, said va. |/} .
. ) 4 on published reports Qf the :
. i Jeamned yesterday, | reimbursement.. canctes aland dbn't govern,
\ ) The windlall> comes as a re- The guard answenng the P| how fhuch overtime will be
s} sull of"an arbitrator’s -deci- phore at the burean’shead’ neede Vdacguions gnd the .
’ sion earher this menth O *cuarters here~said he #hd faex that aylhonzed staff
. , | gnevances filed at eght pe- ypo.oq” of the decision, but | | levels are madequate also’
nal gqinstitutions acxo3s | the ,qded, We should be getnng ‘are factors, hesaid.
> state. It may cost the come $2,000 * 4. 1 have réguested adds- ,
" mom&eann. as ‘much, as $1.7 tional officer positions the 4
The arbitfator’s decision
. million. ’ was handed down on July" 12, last two years. I-recewed
~ t Under the tenns of _their accqrding to published res ﬂOneWPOMllons
. - gontract with the_ State BU- ports, but the buregy made “Withgut ‘V’d“'°"9' or
7 » reau of (arrections. the\ 1o’ gnnouncement of cer posridns 1 see very
. « | suards are ailowed. 2 15-an- - Saccording to Jack Walsh, | [ little tmpact on the reduc-
ute break every four heurs président of guards Local | | Wonofovertime,™ hesaid, -
But  because of crlucal 2500 at Western State T e B .
- manpower shortages at the’ Penitentiary, the payment .
. state’s prisons, the men-bave gwill be made to the guards
v Hot, been able to take the - sometime ths month, —_ ‘
Courtesy of, the Harrisburg Patriot. . . .
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| " 1.3 quxnmnq the Study for a Better Schedulma ’ - L
_Procedure z . .
- ¢For the reasons rndicated abovea a study was imiti-
ated to determxne 1 f pr1son guards could be utilized more v’ N
) . eff;cxent:ly than was occurring with the procedures then an
T , use by “the various state prisons (at discussed 1n Section -
. "‘/. Ira, the work- schedulmg patterns then 1n use varied from- T
N prison’to prison). At the .beginning .of tfus pfo;ect the * ’
following objectxves were consxdered. T )
< . (1), provzde a uniform work schedulxng pattern for all | ! T
T state prisons; v .
‘ R (2) eliminate excessive ouertlme wark by the pr1son -, ?
. - ‘gquards; ‘ » =
(3) 1nd1gate the optaimal number qofs pr1son guards to be
. . employed at each prlson so as to m1n1m1.ze totaI » ' .
labor costs while meeting specified work force "'; s
P requirements; = - N ' e
i (4) provide a- unlform pattern of'shxft rotatlon for ‘__
-~ ‘ _the gua,rds at each prison. LN - " 1

*

‘
7

It was soon decxded that the selectlon of ing:ividual ‘

. pr1son guards to ﬁll} the various %ork assignments avall- L
"able shopldhbe left ,in the .hards, of management to provideé
maximum flexxbyl’xty in scheduling prlson guards with
Qelc‘:ll ab,111t1es, work,,preferences, etc.,. as well as to
keep the scope of ;the present project thhm reamable
“bounds (which could not be deéne if. account had to be taken -«
of‘ each J.nd1v1dual prison guard).g For similgr [reasons,
the pattern{of ‘shift rotation ;o; th rison guards at.
‘each prison (objective (4). above) was 6m.1.tte fr.om Jfurther
consideration, So it was dec1ded to try to aevelop a’
workgschedyling model which would’ meet’ the first ‘thtee” of
the four ‘g:%?tf 3] l‘isted above The" model*, is 1ntended
to provide the* basis for raoutine scheduhnq of ghe guards,
Unexpected absenteelsm caused by illness

etc.,
. always have to, be déalt w1th separafely a%wt\occurs
- ¢ NG

Each prison is cons1dered as a zc'ompletefy €eparaté.

, ehtity. Then the model, as Qppl.;ed toteach pu_son“xndl-
vidually, is baséd on the assumptions-listed below. *(In
the following d1scussxon, the word §.h_Lf_t refers .to Qne of
thé9 threq dlvlslons tof a day- ﬂornxng, Afternoop, or ¢
Night. The word period refers to a single erght hour -
lerigth of taime w‘ruch is .det‘er»mxned by spec1fy1ng ‘both a
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day of the week and a shift'of. the day, e. g.f the Wednes-
- day*Afternoon period.) .

‘
- *

(1) Each twenty-four-hour day 1s divided into three
' eight-hour shifts: Morning, Afternoon, and.Night
(see Tables 1 and 2). '
(2) wWork-force requirements (i.e., the numbers of
guards required to be on duty) are known for each
period of each day for‘a full seven-day week.
FPurthermore, these requirements do not change from
week to week. Also, the total number of prison |
guards -available for work is constant (does not
change during a week or from week to week). 1In
©other words; the model developed here is a static
model for the scheduling of guards on a weekly
basis; it is not a dynamic model: (In this re-
dpect, ‘the model is similar to the one discussed
by J.A. Parsons [2].) Seg Section 2.3 for further
discussion of this assumption and a method to in--
troduce limited dynamic qualities into <the model,
(3) As a standard weekly tour ‘of-duty, each,prison
. guard is assigned to a forty-hour standard-rate
work schedule consisting of one eight-hour period
per day for five consecutive days, staying on the
same* shift for all five days,‘he/she then has two
‘consecutlve days off before beginning this same
pattern again. For example, some guards work the
Morning shift Monday through Friday; other guards
- work the the Night shift Wednesday tBrough Sunday,
*etc.‘ “There .are twenty-one of these forty-hour
. standardJ&ate work schredules: one each beglnnhng

“ith Monday Morning, Monday Afternoon, Monday = .

Night, 'Tuesday Morning, etc.,‘to Sundéy Night (see
% . Section 3.2). Since this is a static modél;: thése

ed to repeat. without change. week after week (but
.. séde Section 2.3). !

.

4
forty-hour, standard-rate work schedule& sarewassum-

v

H

(4) wWork-force tequlrements.not met by these standard-

v rate work schedules are fi}led by overtime ass1gn—
ments; -each overt1me fss1gnmént is for one eight-
hour period. .

(5% a prison guard is not eligible for overtime work

» on any of the thirteen periods which occur during
his/her standard forty-hour work week; i.e.,
during the time commenclng with the first standard
work perlod of*his/her f1ve—day work schedule,

Fog example, a guard who wotks the Morning shift
Monday through Friday as his/her standard forty-
hour work week would not.he elig;bIE‘for overtime

O
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work anytime between Monday Morning period and -
Frldhy Morn1ng periqd, inclusive.

(6) A guard is eligibZe for_ overtlme ‘work “on any of
the eight periods which- occur dur1ng his/her two
days off, commencing with the perlod 1mmed1ate1y

. following his/her £ifth standard work period and
' terminating with thg period immeHiately pgeceding
the first standard work period of his/her next
. five-day wvork schedu]ﬁ For* example, a guard who _
works the Morning shift Monday through Friday as
his/her standard forty-hour work week would be
eligible for overtlme work on any of the eight .
' perlods\between Frlday Affernoon and Sunday ‘Night,

. 1nclusive.
(M "However,-no quard may work more than two overtime
. periods during his/her two days off. Lo

" (8 &s implied by the above @ssumptions, a guard may
work two or even three consecutive eight-hour
perlodsﬂ dependlng on what combinaton of standard
nd gvertlme periods he/she,is assigned. See, .
Section 24 for discussion of modi£ying the as-

3 sumptlon in the mode}. . s
(9) All prlSOn guards are assumed to be paid at the
5 same (unspec1f1ed) standard ‘rate for an eight-hour

period, with no account being taken ofpdifferences
-ln pay because of differenges in seniority,
skillsy etc. (Otherwise, minimization of overtlpe
Y costs would require that overtime ork for_each
. week always be assigneéd, to guards receiving the®
lowest rate of pay.) N '
(10) 1If a guard does overtime work durlg his/her two
days of f, then for the first overtime period
\ during the two days Qff he/she is paid one-and-a-
half (1.5) times his/her standard rate of pay. If
he/she. works a second over-time period during the
same two days off, then for this second overtipe
perlod he/she is paid two (2) times his/her
standard rate of. pay. (The numbers 1.5 and 2
specified above can be changed eas11y in the
model.)

ut uj ) Mod
. « ‘Qutput

For a given prison, the model needs the work-force
requirements for eacg period of each of the week . -
(twenty- one requlrdments in all) as 1nput data, ‘The model
will then determine an "optimal" size of the®ork force

. (total number of guards), an "optimal” number of guards to
’ - L ]

o .1 ° 14 ' :
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. be ass1gned to each of the twenty-one forty hour stapdard-
rate work schedules, and an optlmal" number of guards to
* be assigned to dhch perlod‘of each day on an overtime

basis, s6 as to “minimize¥ total 1 while meeting
the conditions stipulated in the assumptions of 'Section -,
2.1 and at least satisfying the speGafi ork-force rer
-quarements. (In this paper, the wor "optipal” and -
"minimize," when 1n qguotes, will mean'ngagly optimal and

~‘nearly minimal, repectively, because of the procedure used
to obtain, an 1nteger-valued solution; see Section 3.6.)
The model will 1ndicate which of the one-and-a-half-rate
overtime ass1gnment§ are to be filled from each forty-hour
standard-rate work schedule, and which of the double rate
overtime assignments are to, Be filled from ‘each one-ind-a-
half-rate overtime assignment so as to satisfy assumptions
(4), (5), (6), and 17) in Section 2:1., Finally, the model
w1kl indicate the total labor cost resultlng from this
overall work pattetn; the cost is given as a- multiplier of
the cost for a prison guard to. work one standard-rate
eight-hour period. For example, if guards are paid $3 an

, hour as standard rate (a figure used for illustrativé pur-
poses. only), then the total labor cost given by the model
must be multip}ied by $24 to express total labor cost in
dollars. Recall from Section 1.3 that the selection of,

.

individual prison guards to fill the various work
assignments indicated by the model is left in the ,hands of
management,, to provide maximum flexibility in scheduling
guards. with special abilities, work preferences, etc.

v

v .
very sliéht modification of the model wil} enable a
user to specify the size of the work force (total number
of guards) as input dafa along with the twenty-one work-
force requirements. 1In this case, for a fixed total work
force, the.cost of standard-rate work is fixed (assuming,
‘as in assumption () °of Section 2.1, that each guard works
at least forty hours per week). So, the objective of
minimizing total labor costs now becomes equivalent to
minimizing overtime costs only. . The model will now deter-
2 mine .an "optimal" number of guards to be assigned to each
of the twenty-one fogty-bour standard-rate work schedules,
and an "optimal" number of guards to be. assigned to each
period of each day on an overtime basis, so as to "mini-
pize" overtime costs while meeting the conditions stipu-
lated in the assumptions of Section 2.1 and at least
sdtisfying the specified work-force redquirements. Other
features of the model output are similar to the variable-
work-force case discussed in Section 2.2,’except that

15
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overtime cost is gi&eﬁ instead of total manpowe} cost.

Further discussion of this modification is given in.

Section’ 4.1. i . o . e

This flexibility makes it possible to use the model-

te determine a new!set of work-force gss1gnments us1ng a

previously-dete ed total work force, in response to a

perhaps seasongéﬁzfadjusted pattern of work force re-

quirement’s, 'with relatively minor "end effects" necessary

té smooth. the Kransition from one set of work-force as-

signnients to fthe next. Since-past policies, union con— :
© tracts, availability of trained manpower, etc., all

restrict the total work force from week to week, this

limited flexibility may provide suff1c1ent dynamic

character to ‘the model. .

- . .

~

da fyin 1 vent cuti
ork riods .
» . a~
When a prison guard works two or° three consecutive
eight-hour periods as indicated in assumption (8) of
_Section 2.1, then_fatique, 1neff1c1ency, tension, etc.
will, surely result. Such conditions can have serious
R consequences in a situation regqujring delicate inter-
personal relationships, such’as occur in a prison. The
work-scheduling model described Kere can be modified to
impose restrictyons against any guard working three con-
secutive eight-hour periods, or dgainst any guard wonklng
even two consecutive eight-hour ﬁerlods. More generally,
the model can be modified to impdse any desired number of
"rest" periods between those periods for which -a guard is
e considered eligible for overtime work., This’ eligibility
depends, of coqrse, on which forty-hour standard-rate work
t schegule thes/quard is assigned. Of course, the number of
rest periods must be consistent with assumptions (4), (5),
(6), and (7) in Section 2.1, This modification merely
25 requires the deletion of certain terms from the mathe-
ke i . matical expressions represenilng assumptions (6) and (7),
&and the removal of the corresponding terms from the
» computer-card decks with-which the model is* implemented.
The modification is ted&ous but, stralghtforward See
. Section 3.4 for further deta1ls. . )
2.5 Overstaffing . '
As indicated in Sections 2,2 and 2.3, the soldtion
provided by the model will at ledst satisfy the specified
work-force reguirements. 1In other words, the total mumber .”
of prison guards (standard-rate and overtime) assigned to
any period-of any day will at least equal the correspond-
ing work-force requirement for that perlod. Because

.
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standard-rate wotk schedules are éssigned‘in forty-hour
"blocks," iteis poSs1ble that the number of standard- raté
#guards ass1gned to a-particular perlod of some day may
‘exceed the correspondinq work-fore requlrement for that
peried, Prior- knowledge ‘of thi$§ situation will enable
management to efﬁ1c1ent1y schedule any ant1c1pated~extra
work to be dong durlﬁg such overstaffed periods. Of
course, when a perlod is already overstaffed by standard-
rate guards,. the model will not assign any overtime “for
that petiod. Also, th{f overstaffed condition sheould not
be.misinterpretedg it still_represents a.ﬂ@inimum—cost"
sodution to the work—schéduliﬁg'problem described by the
- model, ysing the twenty-one specified work-force require-
ments. Examples of such overstaffed periods will be given
in Section 4. ' ‘

-~ .

1
»

ramming el,

i, e., q‘llnear programming /Miodel in which the decision

variables must be integer \valued, Very good discussjons

of the theory and aﬁblicat on of linear'programminé in

" modeling real-worl}d problem are given in several books,
including (3], {4] Both of these books discuss the
additional complications that can\arise when the decision

&

variables must be integer valued. We will return to this’

~g:qps?ﬁeration for the present model in Section 3.6. Tt

ad R .
3.2 "Notation ) .

As a reqular standard-rate weekly tour of duty, each
prison guard is assigned to work eight hours per day for
five consecutive days, staying on the same shift for all
five days, and then to have two consecutive days off,’ The
seven possible five-day work schedules .are indicated be-

_low, with®a corresponding value for an index k:

Work Schedule k
M T W T F 1
‘ T W'Th F S 2.
W Th" F S Su 3
M. Th F S Su 4
MO F S Su 5 °
M T W S Su 6
3 ‘M T W.'Th Sus o 7

+

. The following notation will be used:
. ]

v

«




bt Ryj = required number of prison guards (work-force
requirement) for day i and shift,j. .
N = total work force (number of prison guards). .
ka = number of prison guards to be regularly assigned to
- work schedule k, shift j, at standard vabe. N

yij = number of prrson guards to be assigned to dgy 1, s
shift j, at one-and-a-half-rate overtime. N
2jy = number of prison, guards t§ Pe assigned to day i,
shift j, at double-rate ovetrtime. ’
Uyy;pg= number of prison guards chosen from xp, to work
.. one-and-a-half-rate overtime on day 1, shift j.
¥17(mn;pq) = number of prison guards chosen from Umn;pgq tO
- . wdrk at double-rate overtime on day 1, shift.j
. = number of prison guards chosen fromﬁg to work~?
. ) . at one-and-a-half-rate overtime on déy m, shift
N\ ‘ n, and at. double-rate overtime on day 1, shift
, .

J' e - . )

Table 3 indicates the .work-force assignments usi%g;fﬁg
xkj' yiJ, zj4 notation: i L7
As examples of the notation, we have )

..

» \
R,3 = required numbe{ of prison guards for Tuesday Night.
X4p = number of prison guards to be regularly assigned to

. Work Schedule 4 (Th, F, S, Su, M), Afternon shift,
o at standard rate, " -
Y3 = number of prison guards to be assigned to Tuesday
‘ * Night at one-and-a-half-rate overtime. .
. 239 = number of prison guards to be agsigned to Wednesday
‘ -. Afternoon at Houble-rate overtime.
U23; 42= number of prison wards .chosen from X472 to work
one—and—a—ha}f—rate overtime on Tuesday Night.
¥32(23;42) = -number of prison guards chosen from Uz3; 42 to
work double-rate overtime on Wednesday ’

. Afternoon. ) v - i *
A - -
. . \/» . . : :

Exercise 3.2 Notation: o h . A -

R ) .. \ ”

; , P .
(a) Write out the definitions of Ros xsi. Y310 2725 u3p;53» dnd
. - V51(32353) " 4 ’ .
. (b) . Is the symbol Y362 valid for this model? Explain.

(c) How many consecutive eight-hour shifts are worked by the group
. of prison guards ggpre§§ﬁtéd by the symbol ¥12(63;21)7
o Ya20a1353) V13(72311) T Ve (52;62)7 _
(d) Without looking at Table 3, write out the expression
representing the total number of prison gudrds to be working

" P Tuesday Afternoon. : ,
. _ N —
14 - v
o ST
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Number "of Prison Guards to be Assigned to Each
Penod of Each Day

x ~ SHIFT .
J -. -
i ) Mornihg (a.m,) Afternoon (p.m.) " Night (nt.)
DAY 6 a.m. -~ 2 p.m, 2 p.m,,-10 p.m. | 10 p.m. - 6 a.m,
1=1 o J=2 . 2 =3
¥ = N N ) 1N
MONDAY X1 Xy 4x51+x61+x71 x12+x42+x52+x62+x72 x13+x43_+x534x63+x73
i=1 1, Y12 3.
a1 ) 22 43
TUESDAY >c11+x21+x51+x61+x71 x12+=x22+x52+x62+x72 x13+x23+x53+x63+x73
i=2 ‘¥ Y22 Y3
22 . 222 223
- A
\WEDNBSDAY ‘x11+x21+x3'1+x61+x71 X) 2FXp X35 +Xg 9 HKy X)3+Xo3+X33+Rg 34K 3
Coehi=2 ¥31 ¥32 Y33
o 23 232 233
THURSDAY | %)y +X3) +X3) +X4) X9 x12+x22+x§2+x42%x72 X] 2+K 3 X3 +X4 34X
- "i=4 Yq Y42 Y43
_ Zn 242 243
/ FRIDAY ) *il +X21 +X31 +X41‘+X51 Xl 2+XA22+X32+X42_+3(52. X13+X23 +X33+X43 +X53
- li=5% _ Y5 - Y52 .. ¥s3
T L, 2 252 253
SATURDA}F x21+x31+x41+x51+x61 x22+x32+x42+x52+)’(62 x23+x33+x43+x53+x63
Jis=e | Ya Y62 Y63
R Z6 262 263
'SUNDAY. X31+X4'1+X51+X6£+X7l X3’2+X42+X52+X62+X72 X33+X43+X53+X63+X73 "
i=7 . I . Y79 Y93..0
) 1, 272 13
\ =
- | R N
- , ’ l
1] & ‘ ‘, - -
. ‘ - . .x;;?‘
- 1 to1s
)
. 19
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b 3 iv dhetion; b

Total labor cost includes overtime cost as well as
standard-raté cost and fringe benefits. WNow, fringe

v benefits are approximately equal to 20% Qf a prison

gua;d's standard-rate pay, and are a cost i1n addition to
his/hex standard-rate pay. So, the total standard-rate
pay ﬁor five® eight-hour periods and correspond1ng fringe -
: benef1ts is approx1mately equal to the cost of si1x staf
dard-rate eight- hour per1ods (20% of “five 1s one, and one
plus five 1s six).. So”the total labor cost for alk
guards was taken as six times the number of guards on the
‘work force, plus the total cost ‘of all “overtime assign-
ments; this overipme cost was again formulated as a
mu1t1p11er of the standard rate cost for one prlson guard
‘to work an eight-hour perxod. .
The obJectlve function of our integer linear pro-
gramm1ng.prob1em for the mln1m12ﬂt1on of total,labor cost

is then . " o

~ 7 3 v
Minimize 2 =6N+ J 7 (1.5 y5, + 2z53).
: i=1 3= 2 )
-If prison guards are paid $3 per hodr, then this value of
Z must be multiplied by $24 to give actual labor cost in
dollars. . ’a ?

) E}SE i:iEE 3 3 Iﬂhgt Cost - \ .
. ’ o - .
If friqge benefits of 20% were paid for overtime work as well as for

standard-rate work, how then should the objective function repre-
senting total labor cost be written? B

N

.

© 3.4 Constraints

The constraints for our model are

P ’
X2 = N .

“ kmogE)

i { Xgj + }in + 235 2 Ry, IR

s Leses
J p:q JiPd

' Z‘ui-. £ X
i'j leq pq

,
3

-
b=}

~
-




Py

.Zj"’ij(mn;pq) $ Unn;pq, °,
7

where the summations are taken over apprOprlate'values
of the indices-’ cons1stenté51th the assumptions given.in
Section 2.1, and where all variables {*fk}’ {ylij

{zg51, fug jipals t¥i{(mn; pqy} are nonheghtive integers.
Note that the Tyl } and {z1 } are convenient notatlonal
.and conceptual stand ins for various sums of certain ot
the {u % } and {W1J(mn Pq)}, but are superfluous to

the mathematical descr1pt1on of the problem; the neces-
‘sary variables for the" mathematical desérrption are the"
{ka}l {ul:] pq}l and {wlj(mn pq)} . -
- For 111ustrat1on, some typical “examples of these.
constraints are given below. The under11n1ng illus~
trates the modifications fo} preventing consecutive work.
periods mentioned in Section 2. 4, as follows: triple °*
underlining indicates 4 term representing three.consecu-“
tive work periods, dopble underlining 1nd1cates a'term
fepresenting two consecutive wogX periods, single under-
11n1ng indicates a term represehtlng ome consecutuve

- work period (i.e., at least one rest period between work

periods), and no underlining indicates a .term represent-~
ing at least two rest periods between work ‘periods, So,
if prlson guards are required to have at least two rest
perxods between work” periods, then delete al}:ithe undec-
lined entries in the following constraints, If guards
are only required to have at least one rest perlod
between work perlods (i.e¢., are~not permitted to° work~-
two consecutive exght hour periods), then retain, the

' sxngly under11ned entrjes (as well as the nonunderllned

“entries, of course) but delete the doubly~-underlined and

" triply-underlined entries., If ‘quatds ar'e permitted to ‘n

129
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work two conschtlve Periods, - ‘bt are not permitted to .
work three consecut1ve periods, then retdin the s1ngly—

and doubly—under11ned entries, but delete. the triply- /,
underllned entries,,, Flnally, if quards are permltted to
work three consecutive perlods, then retain all the
entries. . e . -~

-
Al

. ) , ‘ .
33 * X4z * Xg53 *+ Xg3 * X93 + y73 + 29372 Ry3s

Y73 = W31 *F U931 * U733 tM3;: U0

t ug3;03 ¥ 333;34 + “73,32'
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. . By analogy with the examples given above, complete the following
‘constraints for our model, includidg the underlining as just
discussed:

X227 «er 2 Reyi ZPIRITPRTIL SO ’
u??;??.,+ oo ixsz; - 259 =‘u??(??;??) L

¥27(32522) 7% +ee S u23;52i Y22022522) ¢ L. < gy .00

U32;52° T22022392) ¢ .. g uggus9i .

TVad(a2577) e

1A? |a

&z?(??;?g) Yoeee S V415923 ¥22(22422) + oo <

.
.

sz R " .

(7

War(22;22) ¥ e

t ic del’

venlent to imagine-that each constraint is rewrltten : .
*# with all variables (N and the %'s, y's, 2z's, u's, and
-, w's) appearing on the left of the algebralc sign (=, 2,
- or <) and only constants (the R;5's*or 0) appearing on
. the right side of “the sign. For example ‘the *"Total
work, force" constraint would be rewritten as
) - "’ CF1L FXpp b el F Xy hXpy b L+ X93 - N=0. '
with all 21 x's 1nc1uded Thqughe model can.be sum- R -
o s marized as in Table 4.\ The matrix referred to in Table N
> 4 consrsts of 821 columds (one for each variable and o .
"one for the right-hand-side terms® of the rewritten.con~ i
-straints) together with 233 rows (one for the objective
function andg one for each COHbtralnt), glv1ng a total . .
-~ of 191,293 cells. o '

A gell is the intersection of a column and a row, . -
and ‘the.entry in each cell is the €oefficient of the -
variable corresponding to that umn (or-is the right-
hand side- element) ip the «Ghstraint (or objective
. function) corteSpondlng to that row. It ds useful to.
know the number of nonzefo cells in the matrix because -
only nonzero cell entries.have to be punched on cards .

- , for 1mp1ement1ng the model on a, computer ,~ gnd the num= .
ber of npnzero cells affects the computation time for
solving the problem. The number of nonzero cells given

v . in Table 4 assumes that ‘prison guards’ are permitted to

work three consecutive periods. \ . @
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2
29 x 21
“le#+ (39 x 21)

Total Work Force .

SunntR_73, ef:g. (21 -work-force
r~ . requirements)

Y73;,;b.etc.

X1l1, etc.

273, etc. .

U5211, etc. ) 7 x 21

Total . 1 + (11 x 21)

Objective function . 1 + (2 x 21) & 43
Total work force ., 1+ 21 = 22
sunntR73, "etc. "8 x 21 =168
Y73, etc. P x 21 =189
X11, etc. 9 x 21 =189
273, etc. . 29 x 21 = 609
U5211, etc. 35 x 21 = 735
t,’l‘btal ' 2'+ (93 x 21) = 1955

-

Aruitoxt provided by Eic:
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Must Take At Least Two Rest Periods Between Nork
. . K

b . 3
Recqnstruct Table 4 for this case. How many cells are 1in,the
| . .
matrix now? How many havé nonzero entries?
b -

I3

utj d .
The solution procedure 1s as follows. The linear
Programming problem 1s solved, 1gnor1ng tHe integer
. charagfer of the varlables. This yields.a global
gg;lmgl_gglg;lgn but will :n general produce noninte-
‘ger values for the variableg. If the resulting totdl
work force N 1s noninteger, 1t 1s rounded up to tQE -
next lgrgest integer value. Whatever (fractional) num-‘
ber tHat was added to N -to accomplish this ¢vounding is
then added to x;,; this ensures-that the x's will stall
sum to the new (integer) value of N, (the choice of *ll
is arbitrary). Each of these twenty one x's which..is~
noninteger /is then rounded to either the next smallest
or next largest 1nteger in such a way that the integer’
sum N of all twenty-one x's is preserved. A FORLRAN
program to acc¢omplish th1s rounding is given in Table
S. The linear programmlpg problem is then resolved
with the x's fixed .at these 1nteger values. Since the
work-force requirements (the-* R; s) are integers, this
tesults in integer-valued overtlme as51qnments- speci-
flcally, the sum- Yiq + zj§\now necessat1ly must be a
nonnegative integer for each of the 21 periods.
= Furthermore, mlnimlzatlop of tothl_labor cost requires
.* *that no doub}e~t1me ass1gnment be made for any period
in which timé-and-a-half assignments are still pos+
» sible. Since the time-and-a-half variables {thé u 's)
‘s?tlsfy N .
¢ u..., Sx
1123 l.jla_Pq P 5
where the x's are integers, eihaustion of all possible
time-and-a~half assignments implies that the u's will
be intege}s: hence each

) Yijipq ) .

P.g . e &

will be an integer. _Then each zij_will be an integer,

y
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’ < 4 CPABRE 5, y . D
. FORTRAN Progfam for Rounding the”x's -
C. : .
¢ ROUND THE OPTIMAL X'S TO INTEGER VALUES N . A
c et . -
’ CHARACTER*19 DAYS(7)/'  MONDAY- FRIDAY ,' TUESDAY-SATUPDAY ', . ¥
Y 1'WEDNESDAY-SUNDAY  ',' THURSDAY-MONDAY ',*  FRIDAY-TUESDAY °*, .
2' SATURDAY-WEDNESDAY',' < SUNDAY-THURSDAY '/ v .
. CHARACTER*9 SHIFTS(.})/' HORMNG *,'AFTERNOON',' jIIGHT '/ .
. DIMigRION xx(21) . : . -
' « SUMX™®, 0 . . - .
SUMC=0.0 ’ : o
SUMC IS THE "ALGEBRAIC TOTAL OF 'CREDITS* FROM ROUNDING THE X'S DOWN (+) OR &
UP (-).' WHEM ALL 21 OF THE, X'S HAVE BEEN ROUNDED, SUMC WILL- BE ZERO AND oLs

. QRIGINAL OPTIMAL X'S s« THE, TOTAL WORKFORCE) . IT IS NOT, REBESSARY TO y.,‘ e 2
'+ KNOW THE TOTAL WORKFORCE TO DO THE ROUNDING, .° Pt
' - BUNGH 5 . : ’
1 5 FORMAR (GHBO_,D ) PO A
. ] READ 15, (Xx{iwL=1,21}
15 FORMAT (sx r o 5) .
. .00 60 1=1,3" e TN
. D0 60 J=1,7 .0 ° . -
C . TAKE THE.X'S. IN ORDER BY snm ;
~° K=1+3*(J-1) = . .
< X=XX(K) # o ‘
- 1X=X e
By

3 FIX=1X N ‘ N‘l‘( . :
% O . IX AND FIX ARE THE INTEGER QA'RT\OF X INTHIEGER AND FLOBT@TF

C
C
c . THE TOTAL OF THE ROUN[()ED TEGER X'S (SUMX) WILL EQUALITHE TOTAE OF THE .
C
c

-

- = FX=x-FIX -
C FX IS THE FRACTIONAL PAR
. F (FX 4fQ.~0.0) GO 70,5
- IF(FX T, 0.5, AND.~SUMN .LT.. (]
IF (FX {7, 0:5 .ANDT SUMC\. LGE, e
IF (FX .GE: 0.5 .AND. (~SUHC) ‘L3
' . IF*(FX .GE. 0.5 .AND.: (-
. 10 X=FIX o
s Cq XIS ROUNDED ﬁow_n Y
sumc-swwx B
e 3 }(4- o
‘«c © XIS, Rounne‘b w.
oo - SUME=SOMC~(1.0~FX)
w50 SUMX=SUMX+X v -
T e xx(K)=X
s 60 CONTINUE- .
e T e K >
: D0 -100 1=1,7 e
-90-100 J<133 ‘ o _ . N
- LA e, K—K*Fl ’ - %e .
- f - PRINT 55, -L,d,XX(K),DAYS(1),$ 1FT8(0) vt S,
. " 55 FORMAT (2HOX®I1,11,3H = ,E¥0.5,15H omczas WORK ,A19,4H°ON ,A9,
=7 .. 771245 SHIFT AT STAHDARD RATE.) L
B RUNCH. 65, 1,J,XX(K) . - . g
L, - 65 FORMAT (7H FX.RND,7X,JHX,I1,11,7X,F12.8) - . A
& 100 CONTINUE . . [ X ’ e Ty .
ZFT = CPRINT 75, SiMX }0 L .-- :
<<« 75 FORMAT (£/1HO,F15.5, 19H = TOTAL WORKFDRCE') M S

’(ur -
3 RETURN

Ry
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But

. 2. = Z Z w . . -, n’ .
. .7 m/npg ”(m.n'p‘-;)i ¢ - T
where /
al, . \ z W

ij (mn; PQ) £ Yhn;pg-
i,j

[

Since the u's and z's are integers, this implies that T
the w's will be integers. Thus this. second linear pro-
gramming problem (using the rounded 1nteger valued x's)
will possess a completely integer-valued optimal solu-
. t1on, and this 'solution is used as the solution for the‘ °
model, . > . . B
o In solving an integer linear programming problem,
“Tit is known that merely roundlng of £ non1nteger var1—
able$s in the sblution to the” corresponding "linear pro—
.'gramming problem c¢an result 1n an infeasible solution
for the 1nteger problem,'or a feasible solution which L
. is far from the optimal 1ntegetvva1ued solution .("far"
o as measured by the value of the obJect1ve function). -
o, For a simple graphical illustration of this, see pages
T . 687~-698 in the boek by Hillier and Lieberman (see
oo Refereqces) However, we are not taking these risks in
L our procedure. By rounding the noninteger x's and N so
that the constraint
Xxkj ~0N ¢ L * )

. e L IJ ‘...,. . . \

A3

s, is preserved, we are sure that any resulting optimal - N
B - ‘solutlon to the second linear programm1ng problem is \
both feasible for the original problem, and also opti- -
mpl for .the or191na1 problem g;ygn_;hggg_ln;gggg_x:.
. ‘Yalues. °
) - Alsoy#£rom the (nonintegér~ valued) solut1on to the
’fizst problem, we have the global minimum total laboif ' - TR
\ cost for comparison with the mlnégpm total labor cost :
- from the * second, (integer-valued) ‘solutions In all test
cases that havé been run, the increase in total labor ,
[  cost between the' global optimal solution and the intes
- ——«gerw-va}ue&fo}utrorr has -been-nominal .~ For- exampley the —
R . increase in‘total labor cost between the global opt1ma1
- soluQioh,and the integer-valued solut}on for the data .
" 'in Sectiom 4.2 was only 2.25%times the cost of a stan-
,dard-rate eight~-hour period, i.e., 2.25 x $24 =954, if
. prison guards were paxd $3 per hour as standardmrate.
, In -other words, since we do not know that the
@hrounded integer-valkued x's‘used in the secqnd Tipear
e programmlng problem are opt1ma1 Ankgggx vaghes for the

Lt . ‘ - . \

- e g e

h ‘ ] - . ) . ,

;«:g,,EMC ) g 2y e
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original problem, we cannot be sure that we have the
optimal integer-valued solution to the original prob-

- lem. But we do know that we have a very good integer-

¢

valued solution, since it is almost as good (measured
by the objective function) as the global optimal solu-
tion (the optimal solution to the first problem). In
solving real-world problems, this is often the best
that can be done. )

Exercise 3,6 Rounding the x's

(ForStudents who know FORTRMN): Given the following twenty-one

x-values, whose sum is N = 137, round them to all integer values

by following the FORTRAN program in Table 5. Verify that the sum

of the rounded integer x's is still 137. ¢
. <

X11 =17.2 Xlz = 9.4 %13 = 2.0

X3 8.2 X9 =, 6.4 = 2.8

x5y 510.2 x39 = 8.4 . =‘0.0
X = 3.2 X4y = 6.4 =3.8
X51 6.2 X59 = 9.4 = 6.4

Xg1 9.2 - X629 3.0'

.

xjp = 4.2 X7, 3.8

H o L
Data provﬁed by prison H f8r_the week ending
September 23, 1973 are shown.in Table 1. For each
eight-hour work period, eight numbers e shown.
Recall from Section 1.2 that the first, second, and
third numbers not in parentheses are the numbers of
prison' guards reported as having been assigned fo that
period at standard rate,‘one-and—a-half—fate overtime,
and, doyble-rate overtime, respectiyely. The ‘fourth
number not in parentheses for each eight-hour period is
the sum of the first three, and was used in. the model

cas the work—forcg*requirement“(Rij) for that period

(e.g., R31 = 49).‘ - -

® Por this test of the model, it was decided to use
the total work force N fixed at a value representative
of the total work force actually available at Prison H

__during that week, i.e., to modify the basic model as

discussed in Section 2.3, This modification merely
requires that the~variabkiYN in the total work-force.
constraint (EZxkj = N) be ¥eplaced by the desired

'
. H




. numégical value, and the objective function be modified
to include overtime cost only, 1.e., 2 = EE(IJSyij +
Zzié), since the cost of standard-rate work is fixed
when N is fixed. Unfortunately, the value of N could
not be provided by the prison management. Under the
- assumptign that the standard-rate work assignments
reported in the data represent each guard working a
fortyshour work schedule as described in assumption (3)
of Section 2.1, it is possSible to solve for the number
of guards assignedito each of the twenty-one forty-hour
work schedules, i.e., to solve for the twenty-one x's.
For.example, using the data from Morning Shift in
Table 1 and the standard-rate assignments (the x's)

}ndicatgd in Table 3, ‘we can write -

Monday : X3 +t X4) * X5 t %61 + %97 = 40
Tuesday: X7 + Xy t X51 * X1\t X7 = 44
Wednesday: X)1¢+ Xoy + X3; . + Xgl t X9 = 44
Thursday: X337+ x9 + x3; + X4 ‘ x71 = 42
Friday: X)) + xp + X33 + Xg1 + Xg5) = 44
Saturday: Xoled ¥31 ¥ g1 t* Xs) *+ Xp) . =36
Sunday: §%¥&31 + x4 * X5 + Xg) * X9p = 33

These seven equations can then. be solved for the seven
x's. This same procedure can be used for Afternoon
shift and Night\gﬁift. Then the sum of these twenty-
one x's should g¥ve the total wgrk force ﬁl(under as-

5
M

[ %3¢ D e

sumption (3) of Section 2.1). °
, Note that the coefficient matrix of-the above
I equations is o : ) .
. (1 o 0. 1-1 1 1
i 1 1 0 0 1 17 1 o
1 1 1 0 0 1 1 ’ i
* 1 .1 .1 1 o .0 1 .
c . 1 1 1 1 1 0 %o
0 1 1 1 1 1 0
(0o .0 1 1 a2 1 1]
. whose inverse is * ‘ pos
T T T T Ty T T T
-2, 3 =2 3 =2 30 -2, .
1-2 -2 3 -2 3 -2 3
%- ®3 ~2 . -2 3 -2 3 =2
-2 3 -2 =2 3 -2 3
£ 43 =2 3 -2 2.3 -2 .
S -2 3 -2x 3 -2 -2 3
\\. .Y . ";l LY .
‘:‘:"*e L 7 L4 )
~" ' . ° . . . 25 -
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and these two mafrices will also apply for the
Afternoon shift and Night shift data.

However, when this.was done-for the.Prison H data
in Table 1, fourteen of those twenty-one numbers (the
x's for Morning and Night shifts) were fractional
(e.g9., %1 =14 4/5), indicating that the data are not
consistent with assumption (3); indeed, it is now known
that the two state pdisons discussed here (Prisons H
and G) were not then scheduling guards accerding to
assumption (3). However, even if assumption (3) had
been in effect, absenteeism could st1ll result in some
such inconsistencies. It was then necessary to estl—
mate the total 'work force by some method. This was
done by summiné the twenty-one numbers (including their
fractiopal parts) as found from the above. procedure,
and theg rounding this noninteger sum to the next larg~
est integer, which gave an estimated total work force
oftN = 137. . < .

Slnce each prlson'guard 1s assumed to work one
eight-hour per1od per day for five consecut iVe days at
standard rate, this same estimate can be obtained by .
dividing the sum of the twenty-one standard-rate work
assignments (as reported by Prison H) by five,‘and then

> rounding this noninteger quotient to the next largest

'integer. For example, add the previously-given equa-
tions for the Morning shift x's, repeat for the other
two shifts, and add. all three of these results; on tle
. left you have 5 t1mes the sum of -.the 21 x's and on the
r1ght you have the numerical sum<of the twenty-one
standard—rate work ass1gnmehts from the data. However,
this method does not exp11c1t1¥ rpveal the degree to
which the data are inconsistent with assumption (3).
To illustrate this method using the datg from Table 1,
we have (40 + 44 +-44 + 42 + .,., +17 + 16 + 16 +17)/5
= 136.2 so take N = 137, as above, )

Using this total work force and the work-force re-
quirement§ indicated in Table 13, the model was applied
to £find a set of "optimal" work-force assignments that
would satisfy‘these nequireménts at "minimum" overtime

-

cost because here the total work;force was taken as
flxed at 137) *

. For each eight-~ hour work period 1n Table.l, the
model results for standard rate, one-and-a-half-rate

* overtime, and’ double-rate overtime assignments are

shown -as the first, second, and third numbers in pa-.
rentheses, respéctively.‘ The fourth number in paren-
thesed is the .total of the first three, and must equal




or exceed the fourth number not 1in parentheses (R4 ),
for the work-force requirement to be met dur1ng‘that
eight-hour period. Of course, the model guarantees
that this will always occur. “

The week ending September 23, 1973 was chosen for
study at Prison.k because' the data for this week indi-
cated more double-rate overtime than any other week at
Prison H during the period for which data were reported
* (from the week ending July 1, 1973 to the week ending ?-§

December 2, 1973). Assuming that prison guards are
paid $3 per hour as standard rate, the total overtime ,
cost indicated by the data in Table 1 is $564, as found
in Section 1.2. The total overtime cost that would
have resulted from the model solution (based on a total
work force of 137) is . .

y' M1.8)(1+ 5 + 1 + 3)(524) = $360 )

{ for a ¥avings of $204 during this week at Prison H., If

| prison-guards wére paid more than $3 per hour as stan-
dard rate, the savings would be proportionately larger.
The' computer cost to obtain this _.solution was about
$23, but with a more sophisticated computer implementa-
&ion of the model (which was used with the Prison. G
data described in Section 4.2), this computing cost
probably would, have* been less than $11.

¥

Using the given inverse matrix, verify that the data in Table
1 yield x); = 14 4/5,

Exercise 3.6 gave the noninteger global optimal x's resulting
from ¥ = 137 and the R;:'s mdxcated in Table 1. 1In Exercise
3.6 you rounded these x s to all’ xnteger values. Now verify
that’ these integer x's result in the "optimal" standard-rate
work assxgnments shown in Table 1 (the first number in’ paren-
theses in each eight-hour period). -

.
— .
~ . .

. tong  \ -
"Data provided by Prison G for the week ending
September 30, 1973 are shown in Table 2, The arrange-

ment of the data is similar touthat in Table 1. An
attempt - to determine the total work force N from the
standard-rate work assignments shown in Table 2 using
the method described in Section 4.1 showed these data
to be wildly inconsistent with assumption (3) of Sec-
tlon 2,1. Not only were seven of the twenty-one num-

bers (th@ x's, representlng forty-hour work—schedule

L
A
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Aruitoxt provided by Eic:

assignments)‘fractionaf\ but four of them were nega-
tive., Sof for this set of data it was decided to have
the model determine the "optimal" size of the work
force N as,well as the "optimal" assignments to satisfy
the work~force requirements in Table 2, at "minimum”
total labor cost. This is the basic model with no
modifications. .

The "optimal~-sized" work force N for "minimum" to-
tal labor cost was found to be 349; the "optimal" as-
signments are shown.in parentheses in Table 2 {as was
done {n Table 1). \ )

In order to compare the apparent actual total
labor cost for this week at Prison G with the cost’
resulting from the model solution; it was again neces-
sary to estimate the actual total work force by some
fiethod. As in Section 4.1, the method used was to
algebraically sum the twenty-one numbers (x's) repre~
senting the forty-hour work-schedule, assignments (in-
cluding th91[ fractional parts and'taklng account of
the negative values), and then round this sum to the
next largest integer, which gave an gstimated total’
work force of 238.

Again assuming that prlson guards are paid $3 per
hour as standard rate, the total labor cost indicated .
by the data reported by Prison G for this week is

(6),(238) ($24) + (1.5).(542) ($34) + (2) (93) ($24) = $58,200 "

“ . ‘
(based on thef@stimated total work force of 238). The
total labor .cost that would have resulted from the »
modél solution is

{6) (349) ($24) + (1.5) (112) ($24) = $54,288 )

foy a savings of $3,912 during this week at Prison G.
Thi computing cost to obtain this solutiop was less
than $10. Thus, a substantial savings in total labor
cost could be obtained by increasing the work force and
reducing the amount of overtime work in ap "optimal" *
mannerﬂ - -

443__cgmmgn;g_gn;;ng_ﬁgggl_xg§g1;§ ' R,

¢ - - ‘

‘For the two tests of the model described here, the

model was implemented on the Pennsylvaniad State

University's IBM 370/168 rﬁnning under OS and using the .
Mathematical Programmipg System/360 Version 2, Linear
Programming. Gomputing expenses were nominal, as re-

r

ported tn Sectiong 4.l and 4\ 2.

Overstaffed periods, as d1scussed 1n Sectxdn 2.5,
occur in the ‘two examples just presented aq&follows.

-
2
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B \\::) At Prison H - Thursday Afternoon.

(B) At Prison G - Monday Morning, Friday Morning,
Friday Afternoon, and Sunday Night._- :

It should be noted that some of these overstaffed peri-
ods result’ from the rounding procedute used to obtain
an integer-valuéd solution, while otheis (notably
Friday Afternoon and Sunday Night at Prison G} occur
because of the block effiect in the standard-rate work
assignments as' discussed in Settion 2.5. That is, the
overstaffing for Friday Afternoorn.and, Sunday Night at
Prison G occurs in the noninteger-valued global optimal
solution as well as 1n\¢he "optimal” integer-valued
solution given in Table 2. : * :

" The model $olutions given in Tables 1 and 2 indi-
cate o double-rate overtime as51gnments., However, ,
this need not. always occur. JFor example, if the case
discussed in Section 4.2 is. repeated, byt w1th a
Tuesday Afternoon, work-force requlrement of 46 instead
of 146, then the "optimal"® total work force is N = 304,
and double-rate overtime assignments will occur for
Wednesday Night and Thursday Morning.

When evaluatlng the cost savings 1nd1c§ted in
these two examples, it must be remembered that the data
provided by the two prlsons-most likely do not corre-
spond to the estimated total work forces used here for

° comparlson‘purposes (137 at Prison H anrd 238 at Prison
*G), definitely do not correspond to assumption (3) of
Section 2.1, and‘'may not correspond’ to assumption {5)
.either. Nevertheless, in each example the model - has
provided a clear reduction in the-number and cost of
overtime assignments.while at 1east me&ting the same

é@al work-force requirements for each elght hour peri-
od of the week.

N ’ 2
Y .

In some situations, such as manufacturing plants, it is customary

, to have employees work overtime for partial periods (i.e., less
. than eight hours) until the unfinished work .is completéd. Fot -the- -
« present model, assumption {4) of Section 2.1 stated that each
overtime assigmment is to be for one (full) eight-hour period,
For- this model, do you thitnk there would be gny advantage, in
terms of total labor cost, in penmttmg prison guards §o work

Xpartzal overt;me‘penods? Explain, .

Pt
“¥




»

The results discussed ¥n
considerable savings could be

of this model.

In some cases

Chapter 4 indicated that
achiéved t ough %the use
large savings would re-

sult from increasing the size of thie total work force
from its present 'value to a larger "optimal" value,
since the resulting reductlon 1n overtime cost would
more than offset the 1hcreased costs of standard-rate
work and fringe benefits for the additional employees;
administrators who ar® laughing under externally-

imposed hiring "freezes" may be familiar with this M

S1tuation.

" The model,; of coufse, is applicable to anry work-
scheduling situation satisfyling the assumptions or
their modifications desctibed in Sectioh 2. For
example, K?rk-scheduling situations involving medical
personnel,' police forces, fire“fighting crews, and
other emergency personnel may exhlblt characteristics
similar to the present case; such as the need for
round-the-clock staffing and the meeting ‘of pre speci-
fied minimum work-force requirements which repeat in a
cyclic pattern.

This model, along with some others, is briefly
dlscussed in the article "Applications of Operations,
Research Methods to Correctional Problems" by Sitansu

" 's. MittraMCriminal Justice and Behavior, Vol. 2, Na,
2, June 1975, pp.”169-179). .

The author presented a paper discussing this model

at the 1977 North Central Section/MAA Summer Seminar bn-

Model Building, at Bemidji State University, Bemidji,
Minnesota, June 20-24, 1977 That paper, and all
others presented there, appear in the transactions of

the seminar. (N, .
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(5)
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_ Bach tyentysgpur hour day is divided 1nto two
~.‘twelwe-houf shifts:
Zable 6). ¢ .

“on the same shift for both days;

hour- peflod . N

‘However, no prison guard may work more ~tRan*two ;ﬁ .

- COns1der the followxng "small scale" version of

r1son ‘quard schedullng problem (and cempare the
w1ng ten assumptions with those in Section 2.1): -

“'Morning and Evening (see

3 N : °
Work-force requirements are known for each twvelve-
hour period of each day 1in a repeatlng four day -
cycle,”

Since we are concerned here with a fodr -day “week"

" 1nstead of the usual seven day week, we will not

use the usual-\names for the days of the week. .
Instead of Monday, Tuesday, etc., e will name "the o

days in our four-day "week" Oneday, Twosday, \‘ "
Threesday, Foursday, and abbrev1ate these names as

0, T, The F, respectively (see Table 6) .

These” known work—force requirements do not change
from "week" to "week.". Also, the total number of .
prison guards avallable for work” is cohstant

As a standard weekly" tour of duty, each prison -
guard is assigned to a twenty—four hour standard- i
rate work'schedule canisting of one twelve-hour I
period per day for tyo consecutive days, staying .
he/she then has

two conseécutive days off before beginning this #

same pattern again These standard-rategork . T,
schedules repeat "week" after "week." . .

hd a4
Work~force requ1reﬁ@nts not met by the%e standard-
rate work- schedules are filled by overtime assigns
ments;--each overtlme assignment_is for one twelve-

7

A prison guard is not eligible for overtime work -

‘on any of the thrée periods which occugp du?}ng

hAsAher-standard.twenty:ﬁourahou{ WOEK=TyeeK it g e
. -

A pr;son guard is eligible for overtime work on-. -

any .of the five periods which occur dutlng his/her RN

two days off. . .. . . 2 oom

. 7 .

overtime periods during hisyher two days off.

PN - u ’ r
A prison guard may work more two or even three.

¢onsecutive twelve-hour ﬁeriods, depending orf Lhab, . { ok

1

. - .
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- TABLE 6

’

in -’
% r
A "Small-Bcaie"” Schedu%ing Problem

Morning (a.m.) 3 Evening (p.m.)

%
’

12 mjdnight - 12 noon I'2 noon - 12 midnight

N

.

Foursday

ERI

R




!, ]
combination of standard and overtime shifts he/she . '
-18S aSS1gned. .

(9) All prison guards are assumed to be paid at the' .
same (unspecified) standard rate for a twelve-hour
* .period. A
' Q10) If a prigon guard does overtime work daring his/ .
her two days off, then for the fkt/t overtime
perlods during the two, days off he/she is paid
one-and-a-half (1.5) times his/her standard rate
of pay. If he/she works a second overtime beriod
. during -the same two days off, then for this second
overtime perlod he/she 1s paid two (2) times his/ -

her standard rate of pay. . o
. - e
The four poss1ble two—day work schedules are indi- "o

cated below, with a corresponding value for an index k
(compare with Section 3.2): ] . . ,

v

o

3
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A notation 51m11ar to that defined in Sectaon 3.2
should be used for the follow1ng exercises, ~

1. Complete Table 6 for the present "small-scale" -
prison guand scheduling probIbm, in a manner simi- ) -
lar to Table 3. -
0

2. Assuming that f;in@e benefits are 2qual te 25% of a
) prison guard's standard-rate pay, and are a cost in
" . addition to his/her standard-rate pay, write out
o the objectivé'function.

Write out 1n fu11 tHe following consttaints for
this model-

W
.

3

- zzxkj =N - . Eu??;??.g xll

IXkj * Yoo * Z22 2 Rip - 21 = BlWap(92;22) +

Y11 = IUpp;99”- IWo2(22;22) S.U11;22

- -’
4+ In the constraints gf Exercise 3, underline the
y erntries (as in.Section 3.4) to satisfy the fol-
lowing:

34 o 28 A
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5.

. . - N

If prison guards are @ermitted\xo work three
consecutive periods, retain all entries. If guards,
are permitted to work two, but not three, consecu-
" tive periods, then delete all triply underlined
entries. If guards are required to have at least
one rest eeriod between work periods, then delete
all triply and doubly-underlined entries. Finally,
if guards are required to have at least two rest

"periods between any standard-rate work periodfand

any overtime period, delete all underlined entries

. (how does this last requirement affect the model?).

Consfruct a tabular summary of the model similar to
Table 4, assuming that gquards, are permttted to 'work _
thres’ consecutive periods. . -~ ~ !

v
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